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Complex Number 
Revision Wet He 


BY OM SIR 


Complex number Z = x + iy, where x, y < R Complex Number 
=> 


Real part of Z = Re(Z) =x (Term without i) 
Imaginary part of Z = Im(z) 


= y (coefficient of term present with i) 


# yi 
Z=x+ly 
Purely real Purely imaginary Imaginary 
——————— So ee a 
Im(Z)=0>y=0 Re(z)=0>x=0 Im(Z) #0 
— ad 
Z=x+10 Z=0+/ Fer 
a 
Z=X Z=ly Z=x+ly 
ween 
Z=0=0+0 


Zero is purely real, purely imaginary, real but not 
imaginary. Zero is also rational, integer, whole num- 


ber, even number. 


—— 


Watch it on YouTube 


Watch it on YouTube 


Express in term of x + 1y rn 
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Equality of Complex Number 
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4 Watch it on YouTube 


If x.y <R then find (x. y) for 
(2 + 3i)x? — (3 -2i)y = 2x — 3y + 5i 
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V\/atch it on YouTube 


If z+ 2(1 + 2i)z— (11 + 21) = 0 find z. Ax + Bx tc 
C= ~R+TC™4Ac 
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Geometrical Representation of complex number 
GEOMETRICAL REPRESENTATION OF 


COMPLEX NUMBER (Z) z=x+ly 
—_—__—_—_—_—_—_—_—_—"==::::--____—_—_—__—_-_ — 
The complex number z= x +iy =(x,y) is represented t= r(Cos@ + iSin@) 
by a point P whose coordinates are referred to rec- 

tangular axes XOX’ and YOY’ which are called real z= rCiS(@) 


and imaginary axis, respectively. This plane is called 

Argand plane or Argand diagram or complex plane 

or Gaussian plane. z=Te 
Let z=x+iy, whenx,ye R 


Watch it on YouTube 


(Cartesian Form) 


a ; ' 2 
e'v_ , 48+). 
(Polar From) ae ( to 
21 
= CAD+ LAIN 
(Euler Form) 


anaemia cir aii. COMPUTATION OF MODULUS (r =|z) 
Argument of z = Arg(z) = @ = angle made by ray OP 


with positive real axis = amp(z) = amplitude of z. Letz=x+ty, whenx,ye R 


Modulus of z = |z 


LE 
Where x = rcos@ and y = rsin@ 


— 


z=x+iy=r (cos@ + isin@) 
———— ——" 


Jar=yrty ee be tityh 


= V(Re(z))? + (Im(z))? 


= Distance of complex number (z) from origin 


You 


COMPUTATION OF ARGUMENT OF z 

(@= ARG(z)) 

Let z = x+iy, where x, y € R. 
ie 

STEP-1: First, get o = tan” 


(acute angle). 


y¥ 
x 


STEP-2: Now locate the point (x, y) on Argand plane 
and calculate Arg(z). = 
Y 
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L nenpie) = Amplitude of z 


= Principal value of Arg(z) €(-7,7). 
e Arg(z) is multivalued function. 
ad 


Watch it on YouTube 


Compute |z| and arg(z) & convert into Euler form. 


ca) Fs aha (-1, fa) VYatch it on YouTube 
(z= 1+4/3i (i) z= = voi, aS = 
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Z=-\-Gt = oe A aon 7%) + C&in(t n1)| 


Watch it on YouTube 


Convert into Euler form. 
(i) z= — 2(cos 30° +1 sin 30°) 
(ii) z = 6 (cos 310° —i sin 310°) 


= 2(¢*") pre 


L( TTY EG 
=9 eit ) 
Zak (oR? ) edacsee)) 
aio is 


— &£€. = Ce. 


_—_— 


ice, LY \ TU 
ce isin ™ \( 5) e 2 4 


Write complex number in = 


rce1isy form = 
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Watch it on YouTube 
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If Re(z) = 0 find arg(z) 


6=-1 (<0) 
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ear LW> 


| Watch it on YouTube it on YouTube 
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If arg (z) = 100° find principal value of arg (z°°) 
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Watch it on YouTube 


\5 
If z= aay [2-3] find Im(z) 
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THEORY OF EQUATION 


n n-1 n-2 _ 
A,X +A, 4X +4, 9X to tAX+Ay =0 


* ndegree polynomial equation has exactly n roots. 
If n degree polynomial equation is satisfied b 
more than n distinct values, then it becomes an- 

identify. - Hence, it is true for all values which 

implies that coefficient of all variables are zero. Ne 

If all the coefficients in equation are real, then 

imaginary roots are present with their conjugate. 

If not all the coefficients are real, then it is not 

necessary that i imaginary roots are present with 

their conjugates. 

Let the roots are x,, x, , 3 ,,,- 5% 


n-1 7 = 
A,X" +4, 4X" +4, 9X" © +....+4,X +a, =0 


So) &@ f 


You 


Watch it on YouTube 


Watch it on YouTube 


i Let ‘z’ be complex number & a, b,c, € R, if 
az* + bz + c +i=0 has purely imaginary roots, then show that a = b’ c. 


z= pri a lyst Olid) +C4L=0 
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= ay to AC (th3I=0 
Te cee I 


| > 
: b= -Y%, 


Watch it on YouTube 


& Let z is complex satisfying the equation 
z° — (3 + i) Zz +m_-+ 2i =0. Where m ER. Suppose the equation 
has one real roots. Then find additive inverse of non-real root, 
TSE tpn Bt 
aa p =a a 
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Watch it on YouTube 


Watch it on YouTube 


Watch it on YouTube 


Watch it on YouTube 


Watch it on YouTube 
Prove that for Win EN | Watch it on YouTube 


(1+cos0+isin6)" 
(1+cos6—isin6)" 


=[cosné +isinn6] 


Watch it on YouTube 


If n € N, prove that, 


(1 +i)" 4+ (1-1) = 2241 cos (22 


Watch it on YouTube 


Conjugate Complex Number 


CONJUGATE OF A COMPLEX NUMBER 
If there exists a complex number Z=x+ti y, (x,y)eR, —— 


then its conjugate is defined as (=) a a 
(replace i by —i) 


Hence, we have Re(z) => and Im(z) = — 


Geometrically, the conjugate of z is the reflection or 
point image of z in the real axis. 


Z—-2+3) . D= 
eee UT Ue _ a 


t (vi) (Z)" =(z") 


i Watch it on YouTube 
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vii) [zz =| 2 |’ =|ZP 


x ei Letz=x+iy, Z=x-iy 


Z+Z 


= Imaginary axis 


4 -—(Q Real part of z = Re(z) =x= 
az) = YS = 
Z— 
Imagi art of z =I = y =— 
Properties of Conjugate aginary part of z =Im(z)= y F 
If z,z,and z, are existing complex numbers, then we fix) 212, +222 = 2Re(%Z,) = 2Re(Z,22) 
have the following results. 


oO (z)=z oN (Zz) ad ear LS, 
Gi) z,+2,=2%,+2 
(iii) z, -z) =, -Z 
tiv) 242, =Z, 2%, 


In general 21 .27.23.....29 = 2-22.23 -++.Zy 


(v) [2-2 2, #0 


2} 25 
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Z, = 9y” — 4— 10xi, z, = 8y” — 201 z, & z, are conjugate of each other 


find real x & y 
= oe ; 
Qyr—4-Lorl = eal 
2 —\o% 229 


Watch it on YouTube 


Watch it on YouTube 


Properties of |z| & arg(Z) * NF (S, i ONY (Z 2) 


ona( BD) = ong 9g) 


ARG) Rival 0 Nog 
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Watch it on YouTube 


pyc . 
Ke = prac pe, (Arc = [Per | 
(24 ) 
(a° +1)" - 
Prove that p* + q° = where a, p,q € R. —_ 44 2 
trap = (4a? +1) p,q aes rer 
ie 
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aquest 


rn Watch it on YouTube 


If arg(z) < 0, then arg(—z) — arg(z) equals —| 


vies —~ = oat) 
a Gas 7 


Watch it on YouTube 


fs 2 is purely imaginary find 2 ao | 
oe 
ee 2 5%) sale 
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Watch it on YouTube 


If |z,| = 1, |z,| = 2,|z,] =3 & |9z,z, + 4z,z,+ z,z,| = 12 
Find the value of |z, + z, + z,| — eeeB%at Ze, 2%\=12 
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Watch it on YouTube 


If z1 & z2 are two wo complex numbers such that 
Cr ceHter 


“1 =“? ig unimodular. Find |zi| if |z2| #1 
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Watch it on YouTube 


if “is purely imaginary, then find locus of z 
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Watch it on YouTube 


Complex No. in Geometry Circle 
— JAt\3, ArT Fr | = [~4-X%rt ih) | Zz 


2 3 Circle whose centre Is Zp and radius R 
| 21-22 |= V(x - x2) +(¥1—Y2) \z then Its equation Is |Z - Z| = R 


= Distance between z, and z, 


|z| = |z-—O| =distance of z from origin 


. en OF THE PERPENDICULAR |z—Z, |<r represents interior of a circle |z—z,) |=r 
and |z—z)|>r represents exterior of the circle 
BISECTOR ea leg 


If P(z,) and Q(z, )are two fixed points and R(z) is 
moving point such that, it is always at equal distance 
from P(z,) and Q(z,), then the locus of R(z) is the 
perpendicular bisector of PQ. 


Perpendicular bisector of line 
segment joining Z, and Z> 


Aa £ You 


Watch it on YouTube 


& pir 


\z — 4i] = |z +3 + 4il |z — 2i| > |z + 2| 
2-4 | = |z- AAD lz—22\ 7 | 7—C-2) | 


Watch it on YouTube 


Iz—1+i|>2 1s|z—-1| <3 ee a a 
. S [2-N=3 Gece) 
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ame toe as 


Watch it on YouTube 


212; 2a\ = |e * 172 


Complex Number 


Triangular Inequality \ Z| —\Zal 


| | 21 |—|22 | [S)21 +22 [S]21 [+1] 22 | 
| | 21 |-|22| iS) 21-22 [IS] |+] 22 | 


Triangular Inequalities 


Watch it on YouTube 


Complex Number 


Complex Number 


Find minimum value of |1 —z| + |1 + z| 


A aa 4+Z 
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Watch it on YouTube 


Watch it on YouTube 
Complex Number i \= Voy 
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If 2-5-1 find |Zlmax & |Zlmin 
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zy aeu| S12 al STF + | 
- ek A 
PORN ai SUE LSE 
Z —_ 
(< At 
en 
_~ 7? a aati OS O 
pyi2r=* Cc ees _ @ 1 ett 7? ot 
a ae 
(5) \e™" EXER 
X 
- \ 
a% 


Watch it on YouTube 


Iz—4—3i]=2 find |z|. & |zh. bn8 = 
a cue ) 


Watch it on YouTube 


Complex Number 


If |z,| = 6, z, = 24 + 7i then find the maximum and minimum value of 
|z, + Z,| and also find the corresponding of complex number z,. 


lz-z4|+|z-z)=K 


(® 7) AV K = |z,-zol A? K = |z4—Zol 
Zed 


Locus of z —- Ellipse a 
(2, and z, are focil) 
a 


= lies on line segment 
joining z, and z5 


a zy =z Zor 
‘ = {—_----— --+— —-—--—-—----+1 = 
po 
7 
“ |z—Z4| |Z -Zal 


||z —z4] @ |z-—Z»|| = K 


~4 | 
K<|z,-z.| & K = |Z, —Zol K=0 Ko» [z4—Zol 
Locus of z —> Hyperbola with Zz —-A pair of rays te ad a Zep 
foolzy and Zp Z — perpendicular bisector of 


Pe gid line joining 24 &Z> 
- _— a 


2p 


Watch it on YouTube 


Watch it on YouTube 


Watch it on YouTube 
wey toe sR 


Identify locus of z if 
jz—8 + 2i| + |z—5 + 61] =5. 
\z- (}22)| ee ee (sei) | = 


IS ito, 
Neh ats 6) a= (9+ie = g P ays (3 


Watch it on YouTube 


Identify locus of z if 

z —4i| + |z + 4i| = 10 732 
2 4il + [2 +4 7-83 
) net oe 


pl orn 


Watch it on YouTube 


Identify locus of z if ||z-3+4i|-|z+2-i||=1 
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Watch it on YouTube 


Solve z? + |z| = 0 
(mri) + FE aS =e 
oto y +t (aeegee ttyl = Ot 
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Watch it on YouTube 


Pind tocis. ol vil Re( +) . = 
Z. 


. z Watch it on YouTube 
Rotation Theorem (Coni Method) | Witch ton YouTube 
Rotation About Z, ) 


Zs, 


‘on position\ Initial position ) 
ae 7 


Watch it on YouTube 


The vector z = 2 + 311s turned through and angle 270° in clockwise o) 
O 


direction and stretched 3 times. Find the vector in new position 


Watch it on YouTube 


Be A(2 + 31) and B(3 + 41) are two vertices of a square ABCD (take in 


anticlockwise order) then find C and D. 


p +4.05_ 
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Watch it on YouTube 


If z, Z,, Z, be the vertices of a triangle, then the triangle is equilateral iff 


AZ ) — 2. -eo ob I3 © 


. (s Zee — 
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Locus based on arguments 


LOCUS PROBLEMS ON ARGUMENT 


% Arg(z-z))= =A ray originated from z, at an angle @ 
with positive real axis, where z, is excluded. 


Arg(z) = Arg(z - 0) = 6 


Watch it on YouTube 


Watch it on YouTube 


Complex Number 
Plot locus of z on argand plane 


if arg (z-—2 + 3i) =— ri 
og (2 C2) = AE 


casey ~ 


Watch it on YouTube 
Complex Numbe 


Draw the region satisfied by z on argand > 
plane 


. TC : bt 
if 3c arg(z—1—-1)< a 


Te op ‘3 att) Jes 


Watch it on YouTube 


Draw region cy 
Iz—3-4i)<5& 5 < arg (z-3 —7i) < - 


Jz—C3 44 | eo Z—-C¥41t) 


cA) 


ARGUMENT BASED LOCUS PROBLEMS Watch it on YouTube 


Z—2Z2 
# Arg = je 
Z—2Z2 
=> arg( 22==) = ana z, -z)—Arg( z, -—z)=0 
22-2 final initial 


Case (I): 6 = 0 ;z > pair of rays 


Case (II): 6 =7 ;z — line segment joining z, and z). 
6.$.FT Sr 


- 


Case (III): 0< Arg( 22! J<m ;z'— part of a circle. 


o 


Z—Z9 


4 ff go 


Watch it on YouTube 


Complex Number 


p26e—" 5 <O<n 


Z — major arc of a circle zZ — semi circle z— minor arc of a circle 


Watch it on YouTube 


Complex Number 


Watch it on YouTube 


Complex Number 
arg 25+ |- = sea 


\ Roca 


6 Zo 


: , _ Watch it on YouTube 
Find locus of the points z which satisfy the condition 


arg (21) == ont 


3 za My 


z+1 


then prove that |z —7 —9i| = 3/2 [IIT-1991] amar HS 
sSsSs——n— 


a 


The general equation of a straight line is of 
az+az+k=0. 

where ais complex number and k is real number. 
Rela) .(@+@) 

Im(a) = (@—@) 


Real slope of the line m= — 


Watch it on YouTube 


he equation of a circle whose centre is at point 


Cirde Watch it on YouTube 
Gr Th ; ; : : If the centre of the circle is at origin and radius r, 


having affix z, and radius ris |z—z,| =rcentre then its equation is | z |= r 
(zq) and radius = r. —_—— (ii) |z-zg|<r represents interior of a circle 
Pe) |z-z9|=r_and |z-z)|>r represents exterior 
of the circle | z- z,|=r. ~ x Zx«\e7° 
General equation of a circle: The general equa- a ae ~~ KA 2K 
tion of the circleis 27 +@Z+@z+k =0 withcentre va Pie \¢ 
—a@ ) and radius= Jam —k i Cone (-4) { 


Therefore, centre and radius are — a and 


la? -k respectively. 
; : d (substitute z=x+ iy) 
(iv) aa of circle in diametric form: 

If the endpoints of the diameter represented 
by A(z,) and B(z,)and P(z) be any point on 
the circle then, |z—z, ? +|z-z, |?=|z,-z, |? on 
simplification (z—z,)(Z—2Z)+(z-—22)(z-2z,)=0 
which is required equation of circle in diametric 
‘orm. 

Argument form of circle: Arg 


(2) [=e ; 840, 7 then zis a part of a circle 


Z—Z9 


Arg [E2)- +x /2 then z — z is a semicircle 
Z—Z) 


with z, and z, as the extremities of diameter. jput N 
ZHAN 
Apollonius circle form 


z-z 
=—=!/~k where 


Z—2Z) 
k#1;k>0, then locus of z is circle Working ‘ 


method Gubstitute z = x +7y)) 


Q-a Ff 


Watch it on YouTube 


Watch it on YouTube 


zz +(—3+ 4i)z —(3+ 4iI)z+k=0O. 
Find k for which it represents circle. can 
pk “17 we 7 


E - _o9, find centre & radius of circle. 


Z-| 


z—12) 5 


Find ‘z’ if a -1& _5 
4G z—8 zZ—81 3 —\ 
\2-4\= \2\ a, 
V 42 
gx 


a 


Watch it on YouTube 


Watch it on YouTube 
Solve 2z = |z| + 21 


Watch it on YouTube 


Roots of Unity 


Cube Root of Unity 


7H1=0 = (z-1) (z7+z+1)=0, et 


| 


—_— 
+ | . Ww 
z+zt+1=0\}/2z=- Gu 


My 


* Cube roots of unity are in GP with common 
ratio @. 


_ -1-J3i _ “in /3 _ idm /3 _ 2 ° All three roots lie on a circle and equally divides 
[= _ >. . =e 7 the circle. Hence, they construct an equilateral 
triangle. eta 
Pts — eae 7 


. 0,ifm isnot a multiple of 3 
we ven l+o"+ @™ =)" 
Lo ‘ oe sere 3, if nis a multiple of 3 


— ¢ Acomplex number a+ib, for which |a:b|=1: V3 
or V¥3:1, can always be expressed in terms of 
1,0,@°. 

* Cube root of - 1 are -1,—«,-a* 


Aa £ You 


Watch it on YouTube 


nth root of unity 
z"=1 >z=(1)/"= (eopyn (change Euler form) 


(add 2mz in argument) 


i2mar <—— 
=e" where;m= 01,250.01 
m=0 z=1 
a — i40f/n _ me 
m=2 Z=e Q,=a Bo=Ano 
m=3 z= ef!" ~q, =a° 
— 
2a(n-1) 7 
m=n-1 z=e " =a,,=a"" Equation z° —- 1=0 has roots 1, @,@,@3....@,,_} 
GP with common ratio (a = e!2"/") Sum of roots = 1+ 0 +2 +@3 +.....+..@,_1 =0 
ee ee es 


ua -l 
on root of unity are in GP with common ratio Product of roots = 1.01) Oy 0/3 ge-------a%q_y = (—1)" 


) 

All n roots lie on unit radii circle with centre at z’—1=0has roots z*—1=0has roots 
origin. 1,@, 1,-1, i and -1 

¢ All » roots are equidistant on circle. That means Product of roots = @ = 1 Product of roots = 1(-1) 
they divide circle into n equal parts. K-}= <1 

e All n roots construct regular n sided polygon Prat +o,t+att....af)= 

e All magnary roots are present with their <itPismlidecks 
ae cal 0, if P is not multipled n 


Aa £ You 


Watch it on YouTube 


If m 1s imaginary cube root of unity, then find value of 
(a)(1+o*-)(1+@-0’) (b)(1-@+0’)P + (1+ 0-0’) 


an (—w-) ( a) = ( ita 4 a 
> 
— Yr 


— 9 
= ee eee 
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a ae ut + is?) 
2. wt WY) 


Se Cos 


Watch it on You Tube 


If w1 mplex cube root of unity then evaluate 
1 i” i 1 : Jt tO =O 
+ os 
as | oe 
fo eh . _ 

“V4 (2+) Tt) \420 2 HU LOE 
= il ay + (A 

-~ “eess == 
- _\ — \~ATYS 


\+7w 


Watch it on YouTube 
y 
(1 +o +7) 
Evaluate i 


where @ is complex cube root of unity. 
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- 2.1% Sa" 4 Sw” ($21) 
=O =o =d 
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If a and B are the roots of the equation x* — x + 1= 0, then 


12909 + 52009 is equal to [AIEEE-2010] 
(A) -2 (B) —1 (C) 1 (D) 2 
a a oil 
Fe AS” 


Watch it on YouTube 


Watch it on YouTube 


If w(#1) is a cube root of unity and (1 + m)’ = A + Bo. Then (A, B) is 


equalto [AIEEE-2011] 
HAS (1, 1) (B) (1, 0) (C) 1, 1) (D) (, 1) 
carte —oste -wT= te = Ath 


A =B=) 


Evaluate Watch it on YouTube 


(2—@)(2—7)+2(3—0)(3—07)+ 2.22.2... + (n —1) (n — @) (n — @*) where o is 
complex cube root of unity &n E N [IIT 1996] 


Y) 
= Cn-~)y(n-8) Cn-O 7) =— 5 
=72 


- | -| ews) '|- cnt) 


Watch it on YouTube 


4 root of unity 
ra rsa 

| 

Z = 7 x4 S 
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Watch it on YouTube 


n root of unity 


Watch it on YouTube 
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If m is imaginary 5“ root of unity, find w* + @° + w!* + w!® 


If @ is real 5" root of unity find w*+ m* + o!? + w!® 
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6 Ye say > Nb ©) 
Z°= -64= -2) — 7 = 2C1) —-2(e = 
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